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Irreversibility and Heat Generation

in the Computing Process

Abstract: It is argued that computing machines inevitably involve devices which perform logical functions

that do not have a single-valued inverse. This logical irreversibility is associated with physical irreversibility

and requires a minimal heat generation, per machine cycle, typically of the order of kT for each irreversible

function. This dissipation serves the purpose of standardizing signals and making them independent of their

exact logical history. Two simple, but representative, models of bistable devices are subjected to a more
detailed analysis of switching kinetics to yield the relationship between speed and energy dissipation, and

to estimate the effects of errors induced by thermal fluctuations.

1. Introduction

The search for faster and more compact computing cir-
cuits leads directly to the question: What are the ultimate
physical limitations on the progress in this direction? In
practice the limitations are likely to be set by the need for
access to each logical element. At this time, however, it is
still hard to understand what physical requirements this
puts on the degrees of freedom which bear information.
The existence of a storage medium as compact as the
genetic one indicates that one can go very far in the
direction of compactness, at least if we are prepared to
make sacrifices in the way of speed and random access.
Without considering the question of access, however,
we can show, or at least very strongly suggest, that infor-
mation processing is inevitably accompanied by a certain
minimum amount of heat generation. In a general way
this is not surprising. Computing, like all processes pro-
ceeding at a finite rate, must involve some dissipation.
Our arguments, however, are more basic than this, and
show that there is a minimum heat generation, independ-
ent of the rate of the process. Naturally the amount of
heat generation involved is many orders of magnitude
smaller than the heat dissipation in any practically con-
ceivable device. The relevant point, however, is that the
dissipation has a real function and is not just an unneces-
sary nuisance. The much larger amounts of dissipation in
practical devices may be serving the same function.
Our conclusion about dissipation can be anticipated in
several ways, and our major contribution will be a tight-
ening of the concepts involved, in a fashion which will
give some insight into the physical requirements for logi-
cal devices. The simplest way of anticipating our conclu-
sion is to note that a binary device must have at least one

degree of freedom associated with the information. Clas-
sically a degree of freedom is associated with kT of
thermal energy. Any switching signals passing between
devices must therefore have this much energy to override
the noise. This argument does not make it clear that the
signal energy must actually be dissipated. An alternative
way of anticipating our conclusions is to refer to the argu-
ments by Brillouin and earlier authors, as summarized by
Brillouin in his book, Science and Information Theory,!
to the effect that the measurement process requires a
dissipation of the order of k7. The computing process,
where the setting of various elements depends upon the
setting of other elements at previous times, is closely akin
to a measurement, It is difficult, however, to argue out
this connection in a more exact fashion. Furthermore,
the arguments concerning the measurement process are
based on the analysis of specific models (as will some of
our arguments about computing), and the specific models
involved in the measurement analysis are rather far from
the kind of mechanisms involved in data processing. In
fact the arguments dealing with the measurement process
do not define measurement very well, and avoid the very
essential question: When is a system A coupled to a sys-
tem B performing a measurement? The mere fact that
two physical systems are coupled does not in itself require
dissipation.

Our main argument will be a refinement of the follow-
ing line of thought. A simple binary device consists of a
particle in a bistable potential well shown in Fig. 1. Let
us arbitrarily label the particle in the left-hand well as the
ZERO state. When the particle is in the right-hand well,
the device is in the ONE state. Now consider the operation
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RESTORE TO ONE, which leaves the particle in the ONE
state, regardless of its initial location. If we are told that
the particle is in the ONE state, then it is easy to leave it in
the ONE state, without spending energy. If on the other
hand we are told that the particle is in the ZERo state, we
can apply a force to it, which will push it over the barrier,
and then, when it has passed the maximum, we can apply
a retarding force, so that when the particle arrives at ONE,
it will have no excess kinetic energy, and we will not have
expended any energy in the whole process, since we ex-
tracted energy from the particle in its downhill motion.
Thus at first sight it seems possible to RESTORE TO ONE
without any expenditure of energy. Note, however, that
in order to avoid energy expenditure we have used two
different routines, depending on the initial state of the
device. This is not how a computer operates. In most
instances a computer pushes information around in a
manner that is independent of the exact data which are
being handled, and is only a function of the physical
circuit connections.

Can we then construct a single time-varying force,
F(t), which when applied to the conservative system of
Fig. 1 will cause the particle to end up in the ONE state,
if it was initially in either the ONE state or the ZERo state?
Since the system is conservative, its whole history can be
reversed in time, and we will still have a system satisfying
the laws of motion. In the time-reversed system we then
have the possibility that for a single initial condition
(position in the ONE state, zero velocity) we can end up
in at least two places: the ZERoO state or the ONE state.
This, however, is impossible. The laws of mechanics are
completely deterministic and a trajectory is determined
by an initial position and velocity. (An initially unstable
position can, in a sense, constitute an exception. We can
roll away from the unstable point in one of at least two
directions. Our initial point ONE is, however, a point of
stable equilibrium.) Reverting to the original direction
of time development, we see then that it is not possible to
invent a single F(t) which causes the particle to arrive at
ONE regardless of its initial state.

If, however, we permit the potential well to be lossy,
this becomes easy. A very strong positive initial force
applied slowly enough so that the damping prevents oscil-
lations will push the particle to the right, past ONE, re-
gardless of the particle’s initial state. Then if the force is
taken away slowly enough, so that the damping has a
chance to prevent appreciable oscillations, the particle is
bound to arrive at ONE. This example also illustrates a
point argued elsewhere? in more detail: While a heavily
overdamped system is obviously undesirable, since it is
made sluggish, an extremely underdamped one is also not
desirable for switching, since then the system may bounce
back into the wrong state if the switching force is applied
and removed too quickly.

2. Classification

Before proceeding to the more detailed arguments we
will need to classify data processing equipment by the
means used to hold information, when it is not interacting
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Figure I Bistable potential well.
x is a generalized coordinate representing
quantity which is switched.
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Figure 2 Potential well in which zEro and ONE state
are not separated by barrier.
Information is preserved because random
motion is slow.

or being processed. The simplest class and the one to
which all the arguments of subsequent sections will be
addressed consists of devices which can hold information
without dissipating energy. The system illustrated in
Fig. 1 is in this class. Closely related to the mechanical
example of Fig. 1 are ferrites, ferroelectrics and thin
magnetic films. The latter, which can switch without
domain wall motion, are particularly close to the one-
dimensional device shown in Fig. 1. Cryotrons are also
devices which show dissipation only when switching. They
do differ, however, from the device of Fig. 1 because the
ZERO and ONE states are not particularly favored ener-
getically. A cryotron is somewhat like the mechanical
device illustrated in Fig. 2, showing a particle in a box.
Two particular positions in the box are chosen to repre-
sent ZERO and ONE, and the preservation of information
depends on the fact that Brownian motion in the box is
very slow. The reliance on the slowness of Brownian
motion rather than on restoring forces is not only charac-
teristic of cryotrons, but of most of the more familiar
forms of information storage: Writing, punched cards,
microgroove recording, etc. It is clear from the literature
that all essential logical functions can be performed by




Figure 3 Negative resistance characteristic (solid
line) with load line (dashed).
ZERO and ONE are stable states, U is unstable.
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Figure 4 Force versus distance for the bistable well
of Fig. 1.
ZERO and ONE are the stable states, U the
unstable one.

devices in this first class. Computers can be built that
contain either only cryotrons, or only magnetic cores.? 4

The second class of devices consists of structures which
are in a steady (time invariant) state, but in a dissipative
one, while holding on to information. Electronic flip-flop
circuits, relays, and tunnel diodes are in this class. The
latter, whose characteristic with load line is shown in
Fig. 3, typifies the behavior. Two stable points of opera-
tion are separated by an unstable position, just as for the
device in Fig. 1. It is noteworthy that this class has no
known representatives analogous to Fig. 2. All the active
bistable devices (latches) have built-in means for restora-
tion to the desired state. The similarity between Fig. 3
and the device of Fig. 1 becomes more conspicuous if we
represent the bistable well of Fig. 1 by a diagram plotting
force against distance. This is shown in Fig. 4. The line
F=0 intersects the curve in three positions, much like
the load line (or a line of constant current), in Fig. 3.
This analogy leads us to expect that in the case of the
dissipative device there will be transitions from the
desired state, to the other stable state, resulting from
thermal agitation or quantum mechanical tunneling,
much like for the dissipationless case, and as has been

discussed for the latter in detail by Swanson.> The dissi-
pative device, such as the single tunnel diode, will in
general be an analog, strictly speaking, to an unsym-
metrical potential well, rather than the symmetrical well
shown in Fig. 1. We can therefore expect that of the two
possible states for the negative resistance device only one
is really stable, the other is metastable. An assembly of
bistable tunnel diodes left alone for a sufficiently long
period would eventually almost all arrive at the same state
of absolute stability.

In general when using such latching devices in com-
puting circuits one tries hard to make the dissipation in
the two allowed states small, by pushing these states as
closely as possible to the voltage or current axis. If one
were successful in eliminating this dissipation almost
completely during the steady state, the device would
become a member of our first class. Our intuitive expecta-
tion is, therefore, that in the steady state dissipative device
the dissipation per switching event is at least as high as in
the devices of the first class, and that this dissipation per
switching event is supplemented by the steady state
dissipation.

The third and remaining class is a “catch-all”; namely,
those devices where time variation is essential to the rec-
ognition of information. This includes delay lines, and
also carrier schemes, such as the phase-bistable system
of von Neumann.® The latter affords us a very nice illus-
tration of the need for dissipative effects; most other
members of this third class seem too complex to permit
discussion in simple physical terms.

In the von Neumann scheme, which we shall not
attempt to describe here in complete detail, one uses a
“pump” signal of frequency wo, which when applied to a
circuit tuned to wo/2, containing a nonlinear reactance,
will cause the spontaneous build-up of a signal at the
lower frequency. The lower frequency signal has a choice
of two possible phases (180° apart at the lower fre-
quency) and this is the source of the bistability. In the
von Neumann scheme the pump is turned off after the
subharmonic has developed, and the subharmonic sub-
sequently permitted to decay through circuit losses. This
decay is an essential part of the scheme and controls the
direction in which information is passed. Thus at first
sight the circuit losses perform an essential function. It
can be shown, however, that the signal reduction can be
produced in a lossless nonlinear circuit, by a suitably
phased pump signal. Hence it would seem adequate to
use lossless nonlinear circuits, and instead of turning the
pump off, change the pump phase so that it causes signal
decay instead of signal growth. The directionality of
information flow therefore does not really depend on the
existence of losses. The losses do, however, perform
another essential function.

The von Neumann system depends largely on a cou-
pling scheme called majority logic, in which one couples
to three subharmonic oscillators and uses the sum of their
oscillations to synchronize a subharmonic oscillator
whose pump will cause it to build up at a later time than
the initial three. Each of the three signals which are
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added together can have one of two possible phases. At
most two of the signals can cancel, one will always sur-
vive, and thus there will always be a phase determined
for the build-up of the next oscillation. The synchroniza-
tion signal can, therefore, have two possible magnitudes.
If all three of the inputs agree we get a synchronization
signal three times as big as in the case where only two
inputs have a given phase. If the subharmonic circuit is
lossless the subsequent build-up will then result in two dif-
ferent amplitudes, depending on the size of the initial syn-
chronization signal. This, however, will interfere with the
basic operation of the scheme at the next stage, where we
will want to combine outputs of three oscillators again,
and will want all three to be of equal amplitude. We thus
see that the absence of the losses gives us an output am-
plitude from each oscillator which is too dependent on
inputs at an earlier stage. While perhaps the deviation
from the desired amplitudes might still be tolerable after
one cycle, these deviations could build up, through a
period of several machine cycles. The losses, therefore,
are needed so that the unnecessary details of a signal’s
history will be obliterated. The losses are essential for
the standardization of signals, a function which in past
theoretical discussions has perhaps not received adequate
recognition, but has been very explicitly described in a
recent paper by A. W. Lo.”

3. Logical irreversibility

In the Introduction we analyzed Fig. 1 in connection
with the command RESTORE To ONE and argued that this
required energy dissipation. We shall now attempt to
generalize this train of thought. RESTORE TO ONE is an
example of a logical truth function which we shall call
irreversible. We shall call a device logically irreversible if
the output of a device does not uniquely define the inputs.
We believe that devices exhibiting logical irreversibility
are essential to computing. Logical irreversibility, we
believe, in turn implies physical irreversibility, and the
latter is accompanied by dissipative effects.

We shall think of a computer as a distinctly finite array
of N binary elements which can hold information, with-
out dissipation. We will take our machine to be synchro-
nous, so that there is a well-defined machine cycle and at
the end of each cycle the N elements are a complicated
function of their state at the beginning of the cycle.

Our arguments for logical irreversibility will proceed
on three distinct levels. The first-level argument consists
simply in the assertion that present machines do depend
largely on logically irreversible steps, and that therefore
any machine which copies the logical organization of
present machines will exhibit logical irreversibility, and
therefore by the argument of the next Section, also physi-
cal irreversibility.

The second level of our argument considers a particu-
lar class of computers, namely those using logical func-
tions of only one or two variables. After a machine cycle
each of our N binary elements is a function of the state
of at most two of the binary elements before the machine
cycle. Now assume that the computer is logically reversi-
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ble. Then the machine cycle maps the 2¥ possible initial
states of the machine onto the same space of 27 states,
rather than just a subspace thereof. In the 2¥ possible
states each bit has a ONE and a ZERo appearing with equal
frequency. Hence the reversible computer can utilize
only those truth functions whose truth table exhibits equal
numbers of oNEs and ZEROS. The admissible truth func-
tions then are the identity and negation, the EXCLUSIVE OR
and its negation. These, however, are not a complete set®
and do not permit a synthesis of all other truth functions.

In the third level of our argument we permit more
general devices. Consider, for example, a particular three-
input, three-output device, i.e., a small special purpose
computer with three bit positions. Let p, g, and r be the
variables before the machine cycle. The particular truth
function under consideration is the one which replaces
rby p - q if r=0, and replaces r by p~ g if r=1. The vari-
ables p and g are left unchanged during the machine
cycle. We can consider r as giving us a choice of pro-
gram, and p, g as the variables on which the selected
program operates. This is a logically reversible device,
its output always defines its input uniquely. Nevertheless
it is capable of performing an operation such as AND
which is not, in itself, reversible. The computer, however,
saves enough of the input information so that it supple-
ments the desired result to allow reversibility. It is inter-
esting to note, however, that we did not “save” the
program; we can only deduce what it was.

Now consider a more general purpose computer, which
usually has to go through many machine cycles to carry
out a program. At first sight it may seem that logical
reversibility is simply obtained by saving the input in
some corner of the machine. We shall, however, label a
machine as being logically reversible, if and only if all its
individual steps are logically reversible. This means that
every single time a truth function of two variables is
evaluated we must save some additional information
about the quantities being operated on, whether we need
it or not. Erasure, which is equivalent to RESTORE TO ONE,
discussed in the Introduction, is not permitted. We will,
therefore, in a long program clutter up our machine bit
positions with unnecessary information about intermedi-
ate results. Furthermore if we wish to use the reversible
function of three variables, which was just discussed, as
an AND, then we must supply in the initial programming
a separate ZERO for every AND operation which is subse-
quently required, since the “bias” which programs the
device is not saved, when the AND is performed. The
machine must therefore have a great deal of extra ca-
pacity to store both the extra “bias” bits and the extra
outputs. Can it be given adequate capacity to make all
intermediate steps reversible? If our machine is capable,
as machines are generally understood to be, of a non-
terminating program, then it is clear that the capacity
for preserving all the information about all the inter-
mediate steps cannot be there.

Let us, however, not take quite such an easy way out.
Perhaps it is just possible to devise a machine, useful in
the normal sense, but not capable of embarking on a







